The prediction of vanishing reactor angle was thought to be a signature of 2-3 symmetry of neutrino mass matrix. But the present study addresses certain interesting facts related with 2-3 symmetry which are not addressed so far. The investigation highlights that θ13 = 0, corresponds to a very special case in association with 2-3 symmetry and to engender a non-zero θ13, the breakdown of 2-3 symmetry is not essential.
INTRODUCTION
In the last few years, when the reactor angle (θ 13 ) and the atmospheric mixing were expected to be zero [1] and maximal respectively, the 2-3 symmetry was anticipated to be a perfect symmetry for neutrino mass matrix [2] [3] [4] [5] . Several models based on this symmetry were framed. But, as the recent data proclaims a nonzero finite θ 13 [6] [7] [8] , the relevance of 2-3 symmetry turns weaker. Here we emphasize on the fact that believing vanishing θ 13 or |ν 3 = (0, 1/ √ 2, 1/ √ 2) T as unique signature of 2-3 symmetry is certainly misleading. In the present article we revisit and generalize the finer facets of the 2-3 symmetry unattended so far, from a simple model independent stand. The article attempts to show that a non-zero θ 13 is not at all foreign to an exact 2-3 symmetric framework and to engender the former, the break down of the latter is not at all mandatory.
The neutrino mass matrix (m ν ) in general shelters nine physical parameters which are the three neutrino mass eigenvalues (m i=1,2,3 ), three mixing angles (θ 12 , θ 23 , and θ 13 ) and three complex phases: one Dirac type (δ) and two Majorana phases (α and β). The Pontecorvo-MakiNakagawa-Sakata (PMNS) matrix (U ) [9] contains the information of all the three mixing angles and three complex phases. Following standard parametrization, one can express,
c13s12 e −iδ s13 −c23s12 − e iδ c12s13s23 c12c23 − e iδ s12s13s23 c13s23 s12s23 − e iδ c12c23s13 −e iδ c23s12s13 − c12s23 c13c23
where, P = diag{e iα , e iβ , 1} [10] . In the above expression of U , the s ij , c ij s represent sin θ ij and cos θ ij respectively. The matrix U in fact diagonalizes, h = m ν m † ν . diag{m 
The h does not contain the information of the two Majorana phases.
In general, U suffers contribution of both charged lepton and neutrino sectors. One can express, U = U is diagonal. Hence, under this approximation the PMNS matrix can be directly identified with the neutrino mixing matrix. Throughout our discussion we shall stick to this set up.
If the neutrinos are Dirac type, the existence of two CP violating phases α and β are irrelevant. On the other hand, the Majorana nature demands the significance of all the three phases. In this article, we assume the neutrinos as Majorana particle and hence the general neutrino mass matrix (m ν ) takes a symmetric texture,
and can be diagonalized in the following way,
The Bi-maximal (BM) [17] or the popular TriBimaximal (TB) [18, 19] mixing are certain mixing patterns which are relevant from group theoretical point of view, and they define U (upto the Majorana phases) in the following way,
with,
The common mixing angles are: θ 23 = 45 0 , θ 13 = 0. The mixing angle, θ 12 is predicted to be 45 0 and 35.26 0 by BM and TB mixing respectively. Both of them define |ν 3 as, |ν 3 = (0, 1/ √ 2, 1/ √ 2) T and this characteristics associates the neutrino mass matrices from both the mixing patterns to assume a 2-3 symmetric texture as such,
Again, a different parametrization of U as such,
leads to a texture with additional minus sign before (m ν ) 13 ,
The difference in the two textures is attributed to the the choice of U in Eqs (5) and (7) . In the first case, the rotations are assumed to be clockwise, while the latter assumes the same as anti-clockwise. The properties of 2-3 symmetry with which we are familiar so far are summarized below.
(a) It says, θ 13 = 0, θ 23 = 45 0 , θ 12 → arbitrary.
(b) It tells nothing about the ordering of neutrino masses, nor about its spectrum (degenerate or nondegenerate). If it says something in this regard, then this implies the framework is model dependent.
(c) The
T is the important signature of 2-3 symmetry.
(d) A nonzero θ 13 can be produced only if 2-3 symmetry is broken.
(e) The mass eigenvalues and CP phases hardly interfere in defining the 2-3 symmetric texture.
The present study will reveal that these properties of 2-3 symmetry are just a part of the whole picture and not the full portrait. The 2-3 symmetry discussed in this article is often termed as "µ-τ permutation symmetry" and the present study is solely dedicated to investigate the same. There are also two different versions of 2-3 symmetries: one is"µ-τ antisymmetry" [20, 21] and "µ-τ reflection symmetry" [22, 23] which in general can shelter a nonzero θ 13 .
SEARCHING OTHER PROPERTIES OF 2-3 SYMMETRY
Instead of getting into the confusion that may arise because of the parametrization adopted in Eqs (5) and (7), we start from the basic definition of 2-3 symmetric texture of both kinds. We have,
The texture of the first kind is related to the invariance of the neutrino mass matrix under the transformation |ν µ → |ν τ and the second one with |ν µ → −|ν τ [4] . For definiteness, we shall follow the PMNS matrix, U as such,
(10) where rotations are taken as anti-clockwise. The θ 23 is assumed as 45 0 which is consistent within 2σ bound of global data. With the above U , we invert the equation (4), to get the neutrino mass matrix as,
We present m ν in terms of a 2-3 symmetric texture of first kind followed by a deviation matrix as in the following,
where,
Similarly in terms of deviation from second kind 2-3 symmetric texture we have, (15) with deviation factors shown below, The details of the mass elements are presented in Tables (I)-(II). Once the ∆ s and ∆ ′ s disappear, the exact 2-3 symmetry is restored. These deviation factors may disappear in several ways ( see Tables (III) -(IV)) and each route associate 2-3 symmetry with newer aspects.
Note that if θ 13 = 0, both ∆ ′ 1 and ∆ ′ 2 vanish (see Eqs (16) and (17)), and second kind 2-3 symmetric texture is achieved by m ν . The corresponding diagonalizing matrix, U in Eq (10) converges to the texture as shown in Eq (7). This treatment is consistent with the relation of second kind 2-3 symmetric neutrino mass matrix and the pattern of U as per the parametrization in Eq (7). What we believe generally is that the 2-3 symmetric texture of first kind can hardly be related to U of Eq (7). But the Eqs (13) and (14) show that this is in fact possible, where ∆ 1 varies as sin θ 13 , and hence on setting θ 13 = 0, one can get ∆ 1 = 0. Since ∆ 2 varies as cos θ 13 we require additional condition to make ∆ 2 = 0. These conditions may include the possibilities as such: sin 2θ 12 = 0 or
Achieving 2-3 symmetric texture of first kind without θ13 = 0.
We shall exemplify a few cases. One sees that in Eqs (13) and (14), even if θ 13 = 0, the condition,
is sufficient to bring about 2-3 symmetry of first kind . This however implies,
Hence, only if m 1 = m 2 , we get β = α and vice versa . This 2-3 symmetric platform forbids the necessity of zero reactor angle. However, it demands an exact degeneracy of the first two mass eigenstates, |ν 1 and |ν 2 . We observe that out of nine parameters, the five parameters (θ 12 , θ 13 , α, δ, m 1 , m 3 ) are free. The neutrino mass matrix satisfying these conditions is presented below,
where, Another exact 2-3 symmetric texture is realized if sin 2θ 12 = 0, i.e θ 12 is considered as 90 0 . This is also an independent condition that leads to vanishing ∆ 1 and ∆ 2 , and hardly requires θ 13 = 0. This platform keeps all the other physical parameters (except θ 23 ) free.
Also one can think of the conditions like: θ 13 = π/2 and θ 12 = π/2 (or, e 2iβ m 1 = e 2iα m 2 ) to get the concerned symmetry.
The 2-3 symmetric texture of second kind.
As stated earlier, if θ 13 is zero, the ∆ ′ s in Eqs (16) and (17) become zero and all the parameters including θ 12 are arbitrary. Hence, this scenario coincides with what the general perspective towards 2-3 symmetry demands.
We see the realization of 2-3 symmetry if one associates Eqs (16) and (17) with the following constraints,
Hence, this picture needs θ 13 as π/2 for 2-3 symmetry. The second condition hints for the exact degeneracy of m 1 and m 2 (and β = α). Let us look into other possibilities. If we say, If we proceed with the condition(a), one sees,
One can see that if m 1 = m 2 = m 3 , then α = β = −δ and vice versa. This 2-3 symmetric platform describes a highly degenerate spectrum of neutrino masses. Also, the CP phases are discerned to have the same magnitude. In this picture, out of five parameters only four: (m − 1, δ, θ 13 , θ 12 ) are free. Note that the condition (c) sin θ 13 = 0 does not constraint the Eq (26) by no means, but on dissociating the real and imaginary parts of the latter, one arrives at the following relations,
and,
(30) where,
The positivity of tan 2 θ 12 demands, T < 0. We know that the Gatto Sartori Toninn (GST) relation is an important observation [24] that relates the 1-2 rotation angle of quark mixing matrix to the ratio of down type and strange quark masses.
We see that Eq (29) is interesting in the sense, it gives a similar flavor of a GST relation even in the lepton sector [25] .
Interesting would be the case if one tries to relate the different possibilities associated with 2-3 symmetry in the context of h = m ν m † ν . The matrix, h does not involve the information of two Majorana phases. On inverting Eq (2) we construct h and represent it in terms of an expression deviated from 2-3 symmetric textures of either kind.
We see both cases,
where, 
The description of the concerned matrix elements are tabulated in Tables (V) and (VII). If m ν is 2-3 symmetric then h has to follow the same symmetry. One can see that the first kind 2-3 symmetric texture of h is achievable if m 2 = m 1 and the second kind demands m 1 = m 2 = m 3 . The requirements are consistent with whatever is discussed in earlier section. The various possibilities in order to obtain the 2-3 symmetric textures of h are depicted in Tables (VI) and (VIII). The discussion concerned with 2-3 symmetry is based on the form of U shown in Eq. (10) , where θ 23 is fixed at 45 0 . As it is seen in our analysis that a non-vanishing θ 13 can be related to the 2-3 symmetry under certain occasion, one can question the popular choice of θ 23 (38) The neutrino mass matrix can be expressed as such,
, where,
We consider the following cases to illustrate, (a) If θ 13 = 0, and m 2 = m 1 then, 0 is a part and parcel of 2-3 symmetry.
DISCUSSION
The investigation so far highlights many possibilities with 2-3 symmetry and emphasizes that a vanishing θ 13 with an arbitrary θ 12 is a very special case of 2-3 symmetry. Although a nonzero θ 13 can be associated with a 2-3 symmetric texture, yet the latter does not allow any deviation from θ 23 = 45 0 . Once we deviate from the condition of θ 23 = 45 0 , the 2-3 symmetry is wrenched. We summarize some important features of present discussion.
(a) With both θ 13 = 90 0 and θ 12 = 90 0 , one can experience 2-3 symmetry.
(b) Out of the nine physical parameters, not only the mixing angles, even mass eigenvalues and CP phases play an important role in determining the 2-3 symmetric nature.
(c) Certain partial degenerate condition or full degenerate condition of the three neutrino masses can be related to 2-3 symmetric pattern.
(d) θ 23 = 45 0 is a necessary condition for 2-3 symmetry [23] .
(e) θ 13 = 0, θ 12 being arbitrary is a special case. Both θ 12 and θ 13 can be made arbitrary in the 2-3 symmetric background.
(f) We observe that not only
T can be associated to 2-3 symmetry of neutrino mass matrix.
(g) The 2-3 symmetry is hierarchy-blind, but it can be associated with a degenerate spectrum: either partial or full.
The present study is model independent. But we hope that it will help the model builders to visualize the 2-3 symmetry from a deeper perspective. We emphasize on the following points.
(a) The present data says, θ 13 ≈ 9 0 . But we have seen that this can be accommodated within 2-3 symmetry easily.
(b) We have studied different cases which do not require vanishing θ 13 to maintain 2-3 symmetry. Out of those the cases which shows ∆ m (d) The 2-3 symmetry is realizable in high energetic condition [26] and following the Renormalization group equations one may engender the observable effects.
(e) The present approach addresses not only the Dirac CP phase δ but also the Majorana CP phases (α and β). In this regard, one sees certain correlation between the concerned phases.
(f) We see that the 2-3 symmetric pattern of m ν m † ν can be associated with a condition, cos δ = 0, which indicates a maximal CP violation. sin θ13 = 0, sin 2θ12 = 0 sin θ13 = 0, e 2iβ m1 − e 2iα m2 = 0 sin 2θ12 = 0 e 2iβ m1 − e 2iα m2 = 0 cos θ13 = 0, sin 2θ12 = 0 cos θ13 = 0, e 2iβ m1 − e 2iα m2 = 0 m1, m2, m3, δ, α, β m1, m3, θ12, δ, α m1, m2, m3, θ13, α, β, δ m1, m3, θ13, δ, α m1, m2, m3, δ, α, β m1, m3, θ12, δ, α 
m1, m2, m3, θ12, δ, α, β m1, m2, θ13, δ, α m1, m3, α, β, δ m1, θ13, θ12, δ m1, m2, δ, α, β Here we emphasize that the present discussion concerning the 2-3 symmetry is devoted only to see whether the platform can serve as a convincing first approximation or not. We know that observed best-fit value of θ 23 is 43 0 for normal ordering of neutrino masses. The 2-3 symmetry prediction: θ 23 = 45 0 falls within 1σ. In reality, neither θ 13 is vanishing nor the two neutrino masses are exactly degenerate. Hence the original 2-3 symmetric has to be perturbed. But the detailed discussion presented in this article has brought to light several possibilities regarding the ways one can perturb the original framework. The 2-3 symmetry is very often criticized because it predicts a θ 13 that requires a correction of the order of Cabibbo angle [27] which is large. But the present approach entertains one possibility to perturb 2-3 symmetry not in terms of θ 13 but in terms of the exact degeneracy of m 1 and m 2 instead of perturbing θ 13 . In the former scenario, perturbation is required to lift θ 13 from zero to certain finite value, whereas it appears to deviate the parameters from their exact degenerate value. The second case seems interesting in the sense that there is a possibility to think of a 2-3 symmetric platform that may hold a θ 13 which is either equal to θ C or O(θ C ). The bi-Large mixing [28] [29] [30] , modulated Bi-maximal mixing [31] and Tribimaximal Cabibbo mixing [32] schemes which are interesting from Grand unified theory point of view, can now be related to 2-3 symmetric framework. One may adopt the renormalization group equation effects [23] in order to generate the observable mass square difference .
Its worth mentioning that the present discussion finds some similarity with the ref. [33] , where the authors have introduced one cyclic symmetry (not 2-3 symmetry) of the neutrino mass matrix.
In summary, we have established the fact that within 2-3 symmetric framework, there are several possibilities to realize a nonzero θ 13 . We have pointed out that the 2-3 symmetric texture of neutrino mass matrix is achievable not only at the cost of special choice of U , but the neutrino mass eigenvalues and CP phases may also play a leading role in defining this symmetry of the neutrino mass matrix. The present investigation justifies the relevance of 2-3 symmetry of m ν as a first approximation.
